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Abstract — The lattice of all clones of self-dual functions in 
three-valued logic is described in the paper. Even though this 
lattice contains a continuum of clones, a simple description was 
found. Using this description different properties of the lattice 
and of the clones were derived. Pairwise embeddability of the 
clones into each other was described, and all finitely generated 
clones were found. Also, for each clone the relation degree, the 
cardinality of the set of all clones containing this clone, and the 
cardinality of the set of all clones that are contained in this clone 
were determined. 

I. Introduction 

In [1], [2] Post described all clones in two-valued logic. 
It turned out that all clones are finitely generated and the 
lattice of all clones is countable. In 1959 it was proved 
that there exists a continuum of clones in three-valued logic 
[3]. Jablonskij [4] described all maximal (also known as 
precomplete) classes in three-valued logic. It turned out that 
all maximal classes except the class of all linear functions 
contain a continuum of subclasses. In particular, Marchenkov 
[5], [6] showed that there exists a continuum of subclasses 
of the maximal class of self-dual functions (which consists of 

all functions that preserve the relation ( J). In spite 

of continuum cardinality we found a simple description of all 
clones of self-dual functions, which is presented in this paper. 
We define one finite class of clones, one countable class 
of clones, and one continual class of clones. Using this 
description we show different properties of the lattice and of 
the clones. Firstly, we describe pairwise embeddability of the 
clones into each other. For the finite and countable classes of 
clones pairwise embeddability is shown by a graph in figure 1. 
For the continual class of clones we formulate theorems that 
describe pairwise embeddability. Then, the relation degree 
of each clone is found and all finitely generated clones are 
described. Finally, for each clone we find the cardinality of 
the set of all clones containing this clone and the cardinality 
of the set of all clones that are contained in this clone. 

II. Main definitions 

Most of the notation is taken from book [7]. Let N = 
{1, 2, 3, . . .}, N = N U {0}, E 3 = {0, 1, 2}. Denote P 3 ™ = 
{/"I/™ : £3 -> E 3 } for n ^ 1, P 3 = U P 3 ■ Suppose 

F C P 3 , then by [F] we denote the closure of F under 



superposition. A set F C P 3 is called a clone if F is closed 
and contains all projections. By J 3 we denote the set of all 
projections. The clones form an algebraic lattice whose least 
element is J 3 and whose greatest element is P 3 . 

A mapping P 3 — > {0, 1} is called an h-aiy relation. Let 

R h 3 ={p\p:E%^ {0,1}}, Rs=\jRl 

In this paper the relation is often written as a matrix. We 
write 

Ai,i 62,1 ••■ K,i\ 



P 



'1,2 °2,2 



°n,2 



\bl,h b 2 ,h ■ ■ ■ K,hJ 



if p £ R 3 , p(bii, b i2 , ■ ■ ■ , hh) = 1 for every i and the 
relation p is equal to on the other tuples. We say that 



b 2 



e p if p(b 1 ,b 2 ,...,b h ) = 1. 



A function / e P™ preserves a relation p if 



/ 



fai,i ■■■ Om,i\ //(ai,i, ••■,am,i) N \ 

a l,2 •■• a m,2 f( a l,2, ■ ■ ■ 1 a m,2) 



ep 



\ a l,h ■■■ a m ,hj \f(ai,h,---,0,m,h)/ 

for every 



«1,2 



/ a 2,l\ 

02,2 



\ a l,hJ \ a 2,h) 



a m,2 
\0"m,h/ 



e P . 



By Pol(p) we denote the set of all functions / G P3 that 
preserve the relation p. For S C R 3 we put 

Pol(S) = P| Pol(p). 

pes 



III. The structure of the clones 

Now we define several relations, which we are going to use 
to define the three classes of clones. 



12 



P+i-\ 1 2 ,PT- yi 2 



1 2 



Pn 



111 
12 



>pw 



111 
10 12 



/0 1 1 1\ 
p Q =10 1 1 1 1 , 
\0 1 1 1 1/ 

Pl(xi,x 2 ,x 3 ) = 1 ^^ x x +x 2 = 2x 3 (mod3), 

PL2(x 1 ,x 2 ,x 3 ,x 4 ) = 1 ^^ (Vi Xi G {0,1}) A 
A(xi + x 2 = x 3 + x^{mod 2)), 

Pv,nOi, • • • , x n ) = 1 ^=^- (Vi Xj G {0, 1}) A 
A((xi = 1) V (x 2 = 1) V . . . V (x n = 1)), 

Pa,ti(xi, . . . , x„) = 1 <=*- (Vi Xj G {0, 1}) A 
A((xi = 0) V (x 2 = 0) V . . . V (x n = 0)), 

p=,oi(xi,x 2 ,x 3 ) = 1 ^^ (xi = 1) V ((xi = 0) A 
A(x 2 ,x 3 G {0,1}) A (x 2 = x 3 )), 

p=,io(xi,x 2 ,x 3 ) = 1 <=*> (xi = 0) V ((xi = 1) A 
A(x 2 ,x 3 G {0,1}) A (x 2 = x 3 )), 

P=,oi2(xi,x 2 ,x 3 ) = 1 ^^ x x = 1 V (xi = Ax 2 = x 3 ), 

P=,i02(xi,x 2 ,x 3 ) = 1 ^^ xi = V (xi = 1 A x 2 = x 3 ). 

Class Q of clones. 

S = Pol ({ P+1 }) , S = Pol ({p +1 , (0)}) , 

SL = Pol ({p+i, pl}) , IS = [{(x + l)(mod3)}], 

SLq = Po/ ({p+i, PL, (0)}) , T = Pol ({p+i, p T }) , 



C = Po/({p+i,(0 l)}),D = PoZ 



P+i, 



1 



M = Pol 



P+i, 



1 



1 
,DM = DOM 



v° l 1 

BN = Pol({p +1 ,p N ,p* N }), 

TD = T n D, TM = T n M, TN = DN n T, 

L = Po/({p+i,p L2 }),TL = LnT, 
C 2 = L n M, TC 2 = c 2 n T, O = [{x}]. 

Class $ of clones. 

For n ^ 2 

a„ = Po/ ({p+i, Pv,™}) , A n = PoZ ({p+i, Pa,™}) ■ 
a n M = a n n M, A n M = A n n M, 



a n N = Pol ({p+i, p v ,n, P^v}) , 

A„N = PoZ ({p+i, p A ,„, P^}) , 

aoo = P| a n , Aoo = P| A n , 

n n 

aoo M = p a n M, AooM = p A n M, 

n n 

aoo N = p a n N, A^N = p A n N, 

n n 

aP = Pol ({p+i, p Q }), 

AP = Pol ({p +1 ,p* Q }), 

aPN = Pol ({p+i, p Q , pat}) , 

APN = Pol ({ P+1 ,p* Q ,p* N }), 

aPi = PoZ({p + i,p Q ,p w }), 

APi = PoZ ({p+i, p* Q ,p* w }). 

For n ^ 2 

aP n = aPi ("1 PoZ(ir{ 1)2v . .,„}), 
AP n = AP 1 nP Z( 7 r { * lj2) ... i „ } ), 

aP„ = P aP n , AP^ = p AP n , 

n n 

aQ = Pol ({p+i, p- oi}) , AQ = Pol ({p+i, p=,io}) , 
aW = Pol ({p+i, p-012}) , AW = Pol ({p+i, p- 102}) ■ 

We will need the following notation to define the last and 
the most complicated class of clones. Let to G N, n G No. By 
D™ we denote the set of all tuples (Ai, . . . , A m ) such that 
A 1 ,...,A m <Z{l,2,...,n},A l \J...\JA m = {l,2,...,n}. 
(In case of n = we have A 1 = A 2 = . . . = A m = 0). 

Let D = U D™- 

3^.m-\-n^.l 

Let us define several binary relations on the set D. Let 

{A 1 ,...,A m )ED™,{A' 1 ,...,A' ml )eD™;. 
Relation ~. Let 

(A x , . . . , A m , ) ~ (Ai , . . . , A m ) 

iff to' = m, n' = n, and there exists a permutation a : 
{1,2, ... ,n} -t {1,2, ... , n} such that A\ = a(Ai) for every 
i G {1,2, . . . ,to}. 
Relation <*. Let 

iff to' Js to, n' ^ n, m' +n' = m+n, A\ = Atf~\{\, 2, . . . , n'} 
for ie {1,2,..., to}, A\ = for i G {to + 1, to + 2, . . . , to'}. 
Relation < 2 . Let 

K,...,A' m ,)< 2 (Ai,...,A m ) 




^\>0^G0 



Figure 1: The structure of the clones 



iff m! ^ to, n' = n, the set {1,2,..., m} can be divided into 
non-overlapping sets K\ , . . . , K m t such that 

Relation < 3 . Let 

(A x , . . . , A m , ) <; (Ai , . . . , A m J 

iff m' = to, n' = n, A, C AJ for every i G {1,2,..., m}. 
Relation <. Suppose 0,S!'£fl, then put fi' < ft iff 

30 a , n 2 , ^3 (^' < 3 ^3 A ft 3 < 2 ft 2 A ft 2 < 1 fii A fii ~ n). 

Lemma 1. Binary relation < « transitive and reflexive. 

It can be shown that 

(0,0,0) < (Ai,...,A m ) 



for every (A 1; . . . , A m ) G D. 

To each {Ai, . . . ,A m ) G -D™ we assign the relation 
'^A 1 ,...,A m e i? m+ ™ such that 

i"A 1 ,...,A m (a;i, •■ ■,x m ,yi, ■ --,2/n) = 1 

iff the following conditions hold: 

1) V*(xi = 1 V ( Xi = A (Vj G Ai : ^ G {0, 1}))); 

2) at least one of the values X\, . . . , x m , y±, . . . , y n is not 
equal to 0. 



By II™ we denote the set of all relations tta 1 ... A m G R 



m-^n 



such that 



{A 1 ,...,A m )eD r ri 



Put n' = u n™,n z = \j n™n = un*. it 

can be easily shown that we have one-to-one correspondence 
between elements of D™ and elements of II™. 



The binary relation < on the set II is defined as follows 



KM 



< 



TAi,...,A„ 



(A' 1 ,...,A' m ,)<(A 1 ,...,A m ). 



Let a : E 3 — > E 3 , cr(0) = 1, a(l) = 0, cr(2) = 2. By /?* 
we denote the relation that is dual to p : 

p*(xi,. . .,x„) := p(a(xi),a(x 2 ), .. .,<r(x n )). 

Suppose S <Z R, then put 

S* := {p|p* G 5}. 

We say that a set F C II is closed under the relation < if 

V/)eFV/en(p'</)^ P ' g f). 

By II we denote the set of all F C II that are not empty and 
closed under the relation p< . 
For F C II we put 

Clone(F) = Pol (F U {p +1 , p w }) , 

Clone* (F) = Pol (F* U {p +1 , p* w }) . 

Class T of clones. Suppose F G II, then 

Clone(F), Clone* (F) G T. 

There are no other clones in T. 

Theorem 1. Suppose Fi,F 2 G II, then 

Clone{Fi) C Clone(F 2 ) ^==> F 1 D F 2 . 



Corollary 1. Suppose Fi,F 2 G II and F\ ^ F 2 , 
CZone(Fi) ^ Clone(F 2 ). 



then 



Theorem 2. SW T U U $ is the set of all clones M such 
that M C Pol({p +1 }) . 

Pairwise embeddability of clones from and $ into each 
other is shown schematically by a graph in figure 1. Vertexes 
of the graph are clones. 

Two vertexes Mi and M 2 of the graph are joined by a 
solid line and Mi is located above M 2 iff M 2 C Mi and 
there does not exist a clone M' such that M 2 C M' C M 1 . 
Two vertexes Mi and M 2 are joined by a dotted line and 
Mi is located above M 2 iff M 2 C Mi and there exists an 
infinite sequence of clones K\ D K 2 D K 3 D . . . such that 
the following conditions hold: 

1) K x C Mi; 

3) if M 2 C M' C Mi, then M' = K % for some i. 

In some other cases a dotted line is located inside a dotted 
ellipse. So if a dotted line between Mi and M 2 is located 
inside a doted ellipse and Mi is located above M 2 then this 
means that M 2 C Mi but this situation does not satisfy 
conditions of solid line and dotted line. 

Also some clones from the class T are shown on the figure 
1. For n Js 3 put 

a„7r = Clone(IL n n n ), A„7r = Clone*(J\ n n n ), 



an^oo = CZone(II™), An^oo = Clone* (II™), 

aoo^o = Clone(U ),A oo TT = Clone* (U ), 

aooTToo = Clone(lT), Aoo-Koo = Clone*(U), 

a 3 7Ti = C/one(7T( 1 } j ( 1 }), A 3 7Ti = Clone* (tt{i},{i}), 

a 3 7r 2 = C/one(7T| 1 } ;0 ), A 3 7r 2 = Clone* (n^^). 

The next three theorems describe the embeddability of 
clones from T into clones from $ and clones from <3> into 
clones from T. 

Theorem 3. Suppose I ^ 3, F G II, then Clone(F) C aiN 
iff 1 = 3 or F <^ IT"- 1 . 

Theorem 4. Suppose F G II, ffojn aPi C Clone(F) iff F C 

n z . 

Theorem 5. Suppose F G II, f/zen aP M C Clone(F). 
IV. Some properties of clones from 0, $, and T 

A clone M C P 3 is called finitely generated if there exists a 
finite set Mq C M such that M = [Mo]. The relation degree 
d(A) of a clone A C P 3 is the smallest h G N such that 
A = PoZ(S) for some S 1 C P§, i.e., 

d(A) = min{h\3Q C R^ : Pol(Q) = A} 

Put d(A) = oo if VQ C P fc (A = Po/(Q) =^ |Q| = oo). 
Further, let L3 be the set of all clones in P3 . For F G L3 we 
put 

L|(F) := {F' G L 3 |F C F'), 

L|(F) := {F' G L 3 |F' C F). 

Theorem 6. A// clones in the classes ««<f <£ are finitely 
generated. 

Suppose pi, p 2 G II, then put 

Pi < P2 ^^ (Pi < Pi) A (->(p 2 < Pi))- 

Suppose F G II, then put 

Bound(F) := {p G U\p <£ F,Vct G n(cr < p ==> <r G F)}. 

Theorem 7. Suppose F G II, f/;e« Clone(F) is finitely 
generated iff Bound(F) is finite. 

Corollary 2. Suppose F G II, |F| < 00, then Clone(F) is 
finitely generated. 

Theorem 8. Suppose M G U $, then 

'2, if Me {S,S ,T,C,M,D,DM,DN, 

TD,TM,TN, 1S,0}; 

3, i/MG{SL,SLo,L,TL,C 2 ,TC 2 , 

aP, AP, aPN, APN, aPi, APi}; 
d(M) = \ n, ifn^2 and M G {a n , a n M, a n N, 

A n ,A n M,A n N}; 

n+1, ifn^ 2 and M G {aP n , AP n }; 

00, ifM G {aoo.aooMjaooN, Aoo, 

AooM, AooN, aPoo, APoo}; 



Theorem 9. Suppose F e II, F =£ {^0,0,0}, then 

/max{m + n|3 P Gn™n^}, if \F\ < 00; 
a{Clone{r )) = 



00, 



otherwise. 



rf(C/one({7r 0j j 0})) = 2. 

Theorem 10. Suppose M e U <3>, r/ien 



= H n 



= 2 N °, 



|LJ[(Af)| { 



i/M G {aP,aPN,aPi,aP 2 ,aP 3 ,..., 
AP, APN, AP 1; AP 2 , AP 3 , . . .}; 

if M e {S, S , C, M, aoo , aoo M, aoo N, 
Aoo.AooM.AooN} or Me U{a n ,A r 



n>2 



a n M, A n M, a n N, A n N}; 

otherwise. 



< 00, 

Theorem 11. Suppose F e II, f/;en 

, 1, , xx, f2 No , ifF^U; 

\li{Clone{F))\ = i „ ' 

[5, i/F = n. 

Theorem 12. Suppose M e U $, ffcen 

'=H , (/Me {aoo, Aoo, aoo M, AooM, a^N, 
AooN, aP, aPN, AP, APN, C 2 , TC 2 }; 
or M e U {aP„, AP n }; 



|L 3 (M)| <^ 



= 2*°, ( /Me{aPoo,APoo,aQ,AQ,aW, 
AW,0}; 

< 00, otherwise. 

Theorem 13. Suppose F e II, then 



\L\{Clone{F))\ { 



= 2*° 



< 00, 



(/ -F contains an infinite set of 
pairwise incomparable(under <) 
relations; 

if\F\<< X >; 
otherwise. 



Corollary 3. |L|(a n 7r c 



< 00 for every n Js 3. 

It follows from theorem 12 and corollary 3 that 
|L3(aP m )| = Ho for every m ^ 1, |L3(a n 7Too)| < 00 for 
every n ^ 3. Roughly speaking, it means that continuum of 
clones is located near the vertex a^ 71-00 on the figure 1. 
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